arXiv: 1505.07063vl [physics.class-ph] 23 May 2015 
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Abstract. For a simple electromagnetic model of a clock introduced by Jefimenko 
(clock ^ 1 in 1996 Am. J. Phys. 64 812), a change of the rate of the clock when 
it is set in uniform motion is calculated exactly, employing the correct equation of 
motion of a charged particle in the electromagnetic field and the universal boostability 
assumption. Thus, for the clock under consideration, a dynamical content of the clock 
retardation is demonstrated. Somewhat surprisingly, the analysis presented discloses 
that some familiar relativistic generalisations concerning the retardation of clocks have 
to be amended. 


PACS numbers: 03.30.-bp; 41.20.-q 


1. Introduction 


Consider a thin massive ring of radins a at rest in the laboratory frame S, carrying a 
nniformly distribnted charge qi. Let the axis of the ring be the x axis, with the origin 
at the centre of the ring. The electrostatic held of the ring on its axis is 


E{x, 0 , 0 ) 


KQiXX 

(a2 + a;2)3/2 ’ 


( 1 ) 


where k = l/dvreo. A point charge q2 of opposite sign (gig2 < 0 ), whose mass is m, is 
set at the point on the positive x axis with x = A. If the charge q2 is released with 
zero initial velocity to move nnder the action of the electrostatic held of the ring, it will 
oscillate along the axis between the points x = AiA. The system ‘charged ring and ^2’ 
thns constitntes a primitive electromagnetic clock (clock ^ 1 in pQ); denote the period 
of oscillations of q2 for the clock at rest by Tq. 

Assnme now that the ring and the point charge are set in motion with constant 
velocity vq = vqX along the positive x axis. What is the period of the clock in nniform 
motion? 

The problem was posed by Jehmenko, who solved it by a direct calcnlation of 
the period in the laboratory frame, employing Heaviside’s formulae for the electric and 
magnetic helds of a uniformly moving point charge and the longitudinal mass of ^2 [I] ■ 
The author found that the period of oscillations of q2 for the moving clock is 


Tm — 


To 


( 2 ) 





Subtleties of the clock retardation 


2 


where = 1/eo/io; c is the speed of electromagnetic waves in vacuo and at the same 
time the speed of light in vacuo. Thus the clock ‘consisting of the charged ring and the 
point charge runs slower when the clock is moving, and the rate of the moving clock 
is (1 — v\/ times the rate of the same stationary clock’, as predicted by Special 
Relativity. Since the conclusion was reached via a dynamical argument only, Jehmenko 
inferred that, for the clock under consideration, his calculations ‘provide a dynamic 
cause-and-effect type explanation of time dilation’ [1]. Moreover, pursuing this line of 
reasoning, he noted that ‘if the slow rate of moving clocks can be indeed explained as a 
dynamic cause-and-effect phenomenon rather than as the kinematic effect enunciated 
by Einstein, then the slow rate of moving clocks cannot be interpreted as a proof of time 
dilation’ [2]. 

Unfortunately, Jefimenko’s argument involves a confusing assumption that the 
velocity uq of the moving clock is much larger than the maximum velocity of q 2 relative 
to the ring; moreover, the desired conclusion (2) is reached due to the additional 
approximation of small oscillations, i. e., A a. Thus, while Jehmenko correctly 
pointed out a dynamical content of the clock retardation, his approach masks some 
important aspects of the phenomenon, making some of his inferences fallacious. 

In this paper, an exact dynamical analysis of Jehmenko’s clock ^ 1 is given. It 
is demonstrated that if the clock in motion is to be relativistically valid, i. e. to serve 
as an identical standard of time also for a co-moving inertial observer, analysis of its 
clockwork requires two frames, the lab frame S and the rest frame of the clock S'. Thus, 
contrary to Jehmenko’s claim, one cannot avoid Einstein’s principle approach to Special 
Relativity; for understanding of the clockwork, a blend of constructive ‘dynamical’ and 
principle approaches is needed. Moreover, the analysis presented reveals that for this 
‘longitudinal’ relativistic clock, while equation (2) still applies, the clock retardation 
exhibits non-uniformity, which seems to be overlooked in the literature. 

Namely, Einstein in 1905 inferred from the Lorentz transformation, for a 
(practically) point clock, that a clock travelling with velocity v, ‘when viewed from 
the stationary system’, runs slower by the factor (1 — than the same clock at 

rest in the stationary system (0, cf also HI)- Later, he generalised this statement to 
a clock with a second hand and even declared that ‘every happening in a physical 
system slows down when the system is set into translational motion’ [5]. (Mpller 
paraphrased this by stating that ‘any physical system which is moving relative to a 
system of inertia must have a slower course of development than the same system at 
rest’ |6].) Thus, according to Einstein, not only moving clocks run slow but time itself 
is ‘dilated’ in moving system^, ‘but this slowing occurs only from the standpoint of a 
non-comoving coordinate system (observer)’ [5]. However, our analysis of Jehmenko’s 
‘longitudinal’ clock demonstrates that Einstein’s familiar generalisation about slowing 
down of processes in a moving physical system need to be amended. Generally, some 
happenings in a physical system speed up when the system is set into translational 

f The somewhat misleading term ‘time dilation’ was probably introduced by Tolman [7]; incidentally, 
it appears that ‘dilatation’ would be the gramatically correct variant [8]. 
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motion. Also, for a periodic process, in a physical system travelling with a velocity 
Vq relative to a system of inertia, while equation (2) applies, generally it is not true 
that development of the process has a slower course by the factor (1 — than 

in the same system at rest: the clock retardation may be non-uniform. In this paper, 
a dynamical content of the phenomenon is illustrated by a detailed examination of 
Jehmenko’s clock # 1 [Il|2]. 


2. Direct calculation of the retardation of Jefimenko’s clock 


Now we shall calculate exactly the period of Jehmenko’s clock described in Introduction, 
when it is at rest in the lab frame S', and when it is in uniform motion with velocity 
vq = vqX along the x axis (the axis of the ring) with respect to the lab. As is well 
known, in order to be relativistically valid, a clock must operate according to some 
Lorentz-covariant laws. This can be fulhlled for Jehmenko’s clock, since its operation 
is based on Maxwell’s equations (which can be made to be Lorentz-covariant (cf, e.g., 
[9], [IQ])) and the equation of motion of a charge q* in the electromagnetic held 


dt 


m V 


a/1 — 


q*E + q*v X B , 


( 3 ) 


where m* is the mass of the charge, v is its instantaneous velocity, E is the electric held 
and B is the magnetic hux density; the time parameter t in the S frame is interpreted in 
the standard way, employing propagation of light signals in vacuo as the absolute time 
keeper, assuming that Einstein’s clock synchronisation is a valid procedure [6] . Equation 
(3) hts the experimental facts if the additional independent assumption that m* is time- 
independent is introduced; with that assumption, equation (3) can be Lorentz-covariant 
too [TT] . 


2.1. Clock at rest 

In this subsection we discuss the clockwork of Jehmenko’s clock at rest. 

The correct equation of motion of the charge q 2 in an electric held is 

= q2E , (4) 

dt Y a/1 — J 

where the mass m of q 2 is assumed to be time-independent. Equation (4) and identity 

d ( V \ _ 2 ^ f 1 

^■ Jt \^i-vyc^ 

imply that 



2 ^ ( 1 ^ 
dt Y y/f — v‘^ / c^ J 


q2E ■ V. 


( 6 ) 












Subtleties of the clock retardation 


4 


Specifying to our problem, E is the electrostatic field of the ring on its axis given by 
equation (1), and v = ^x, since the motion is along the x axis. Using equations (4), 
(6) and (1) one obtain^ 


dt m \ (?) (a^ + a:2)3/2 ’ 

which can obviously recast into 


dx^^ m \ c^ J (a^ + a:2)3/2 


( 8 ) 


Separating variables and integrating, setting Vx = 0 when x = A and solving for 
yields 

= ^ = Tc{...y^\ (9) 

where — and + sign corresponds to the motion of q 2 in the direction of decreasing x 
and increasing x, respectively, and 

{...} = {1 - [1 + {K\qiq2\/mc^){l/^/^^T^ - l/Va^ + 

Equation (9) implies that, for the oscillator at rest, passage of q 2 from x to x + dx lasts 
time interval 


dt = =f(1/c){...} ^'^^dx. 

Thus, the period Tq of the oscillator at rest is given 



(11) 


( 12 ) 


2.2. Clock in uniform motion 

Assume now that the same clock is set in uniform motion along the x axis (the axis of 
the ring) with constant velocity vq = VqX, so as to be relativistically valid, i. e. to serve 
as an identical standard of time also for a co-moving observer. The x coordinate of the 
charge g 2 , x, can be expressed as 

X = Xc + Xr , (13) 

f The force q 2 E is always parallel to the instantaneous velocity v of the charge q 2 so that equation 
(7) can be derived using the concept of ‘longitudinal’ mass, taking into account that the Lorentz force 
expression is a pure force (cf [121E]); I preferred not to employ here the potentially misleading concept 
of ‘longitudinal’ mass. 

§ Incidentally, in the case of small oscillations, i.e. when A <C a, from equation (12) one obtains that 

To « - / {1 — [1 + {K./2mC){A'^ — . 

c J-A 

where K. = K\qiq2\/a2. Note that when <C mC, from the last equation one obtains the familiar 
expression for the period of the simple harmonic oscillator, To = 2'K^Jm/lC (cf also [13], [14]). 
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where Xc is the x coordinate of the centre of the ring, and Xr = x — Xc is the 
relative coordinate of q 2 with respect to the instantaneous position of the centre. Since 
Vx = dx/dt and vq = dxc/dt, one has 

Vx = Vo + VxT , (14) 


where v^r = dx^/dt is the relative velocity of q 2 with respect to the centre of the ring, 
measured in the lab frame S. 

The charge q 2 moves under the action of the electromagnetic held on the axis of 
the uniformly moving charged ring (the ring constitutes the framework of Jehmenko’s 
clock). The electromagnetic held is calculated using the formulae for the E and B 
helds of a point charge q moving with constant velocity Vq, that were hrst obtained by 
Heaviside [151HH] (the B held was rederived by J J Thomson ini. cf Jehmenko [18] and 
references therein), long before the advent of Special Relativity. The electric held of q 
(radial but not spherically symmetrical) is given by 

1 - vi/c^ 


E{r,t) = 


Kqr 


r^ (1 — Ug sin^ 6^/0^)^/^ ’ 


(15) 


where r is the position vector of a held point with respect to the instantaneous (at 
the same instant t) position of q, 6 is the angle between r and the velocity ?;o, and 
= l/eoyWo- (Recall that throughout the relativity paper [3], Einstein used the same 
symbol {V) for the speed of light in vacuo and the speed of electromagnetic waves in 
vacuo (y = l/yTo/io in SI system, not used by Einstein, he employed the Heaviside- 
Lorentz units), linking thus Special Relativity with Maxwell’s theory (cf [19], p 197).) 
The magnetic hux density is 


B{r, t) = eonovo x E{r, t). (16) 

A simple analysis employing formula (15) gives the following expression for the 
electric held on the axis of the moving charged ring 

Kgi(l — vl/c‘^)XrX 


Em — 


(17) 


(a^ + x"^ — dd‘v‘11 ’ 

as Jehmenko pointed out; the subscript M serves as a reminder that the held is due to 
the moving ring-charge. The B held on the axis of the ring obviously vanishes. Using 
equations (4), (6) and (17) one obtains 


dvx 

dt 




^2x3/2 
1-^ 


(1 - vll(?)Xr 


m \ c^ J { 0 ? + xl — adv^j 
Using equation (14), the last equation can obviously be recast into 
dVx{Vx - no) yy XrdXril - vl/c^) 


(18) 


(19) 


(1 —m [ 0^(1 — Ug/c^) + a;2]3/2 

Now we have to specify our clock so as to be relativistically valid. As can be 
seen, this cannot be done without recourse to Einstein’s principle approach to Special 
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Relativity, i. e. without employing the Lorentz transformation and the universal 
boostability assumption (cf [HI Il9]). A little reflexion reveals that one has to choose 
initial condition Vx = vq for Xr = Ay/l — Vq/c^. A glance at equation (18) shows that 
the charge q 2 will oscillate between the points Xr = ±^a/ 1 — where Vx = vq- 

Integration of equation (19), taking into account the initial condition, gives 

1 - VqVx/c^ 1 


Vl-^x/c^ y/1 -ug/c2 


= 1 + 7, 


( 20 ) 


where 


^ ^I9ig2| /_1_ 1 

+ x‘^/{l — vl/c^) \/a? + 

Solving for Vx and using equation (14), after a somewhat lengthy but in every step 
simple calculation, skipping details, one obtains for Vxr 

_ ^ _ _ c(l - vl/c^)^Jl - 1/(1 + 7)2 

* lA:(Vc)yi-1/(1+ 7)2 ’ 

where — and + sign corresponds to the motion of q 2 in the direction of decreasing Xr 
and increasing Xr, respectively. Equation (22) obviously implies that passage of q 2 from 
Xr to Xr + dxr lasts time interval 





Introducing 


and 


Xr 


x^ = 


V^l -u^/c2 ’ 


-f =-f = -^ 

mc^ 


a/o^ + x*'^ y/a'^ + A"^ 


equation (23) can be recast into 




V"! - c 


or, equivalently. 


dt = T—F=^==-[{■■■*} =F^'o/c]da;*, 




where 


(23) 

(24) 

(25) 

(26) 

(27) 


{--.*} = {! — [1 + {K\qiq2\lmc^){lj^o? + - 1/Va^ + A^)] ^} . (28) 

Comparing equations (27) and (11), taking into account that a) runs from A to —A and 
vice versa, it follows that clock retardation is non-uniform in the case of Jefimenko’s 
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clock; simple slowing down by the factor 1 /— Vq/c^ is clearly violated in the ‘life’ of 
this ‘longitudinal’ clockjJJ] Particularly, using equation (27) one hnds that travelling of 
q 2 downwards from Xr = A\/l — v\j(? to Xr = —A\Jl — v^je? lasts time interval 


(At) 


down 


whereas the reverse travel upwards lasts 


r—A 


'A 




-A 


Vo 


dx* 


'A 


(At)np = 


1 




rA 




V^l - A--A 

Taking into account equation (12), these expressions can be recast into 

1 


(At)(jown 

(At),p = 


1 








(29) 


(30) 


(31) 

(32) 


Consequently, for the period of Jehmenko’s uniformly moving ‘longitudinal’ clock, one 
obtains 


Tm — (At)down + (At)up 


To 

yi ’ 


(33) 


as expected for a clock the clockwork of which is based on some Lorentz-covariant (or 
that can be made to be Lorentz-covariant, cf, e. g., lacn]) laws; the period of the 
clock in motion is by the factor 1 / — Uq /c^ greater than the period of the same clock 
at rest, all with respect to the lab frame S. However, the present analysis reveals a 
dynamical content of the phenomenon and its non-uniform character, which are hidden 
in the conventional ‘kinematical’ approach. 


3. Discussion 

The above analysis of Jehmenko’s ‘longitudinal’ clock demonstrates that the clock 
retardation is basically of a dynamical origin, a consequence of velocity-dependence 
of the forces governing the operation of the clock. However, it also demonstrates that 
an exact one frame derivation of the clock retardation for this ‘longitudinal’ type of 
clock is not possible; in order to specify the clock so as to be relativistically valid {inter 
alia, to choose adequately the amplitude of oscillations of q 2 for the clock in motion), one 
has to recourse to Einstein’s principle approach to Special Relativity!^ Thus, perhaps 
somewhat surprisingly for adherents of a constructive dynamical approach to the theory, 

II This is in contradistinction to the case of a ‘transverse’ clock where the clock retardation is uniform. A 
dynamical content of the clock retardation in the case of a simple electromagnetic model of a ‘transverse’ 
relativistically valid clock was recently analysed exactly in [14) . 

^ This is analogous to the case of a ‘transverse’ clock, where it seems that an exact one frame derivation 
of the clock retardation is impossible too (cf [14]). 
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it appears that only a blend of constructive dynamical and principle approaches leads 
to a complete insight into phenomena. 

Another outcome of our analysis of Jehmenko’s clock is that some familiar 
relativistic generalisations concerning time need to be amended. Notably, declarations 
such as ‘any physical system which is moving relative to a system of inertia must have a 
slower course of development than the same system at rest’ [6], prove to be fallacious in 
the general caseQ However, Moller’s statement is valid in the special case of a periodic 
complete process occurring in Jehmenko’s clock. Indeed ‘moving clocks run slow’ from 
the standpoint of a non-comoving observer, but with addendum that within one period 
this slowing is generally non-uniform. 

The power and precision of Einstein’s principle approach to Special Relativity 
manifests itself in the universality of its results, regardless of the type of Lorentz- 
covariant mechanism responsible for a particular phenomenon. Therefore it is to be 
expected that some of our basic conclusions concerning the properties of relativistically 
valid clocks in uniform motion are reachable also via the principle approach. This is 
indeed so, as the following argument reveals. 

Consider the standard Lorentz transformation 
t' + vqx' / (? x' + Vot' 

^\-vllc^ ’ \/\-vllc^ 

where unprimed coordinates refer to the lab frame S and primed coordinates refer to 
an inertial frame S' which is in standard conhguration with S {S' is uniformly moving 
at speed uq along the common positive x, x'-axes, and the y- and z-axis of S are parallel 
to the y'- and z'-axis of S'). 

Let S' be the rest frame of the framework of a relativistically valid clock. For 
Einstein’s (practically) point clock, the hrst equation (34) and the condition x' = const 
imply the familiar result 



dt 


dt' 

yi - vi/c^ 


(35) 


Consider now a ‘transverse’ relativistically valid clock, i. e. the one the clockwork 
of which involves oscillations of a material point with x' = const, whereas y' and z' are 
variable (cf [H]). Clearly, equation (35) applies to this type of clock too. Taking into 
account the principle of (special) relativity, and the universal boostability assumption 
[min], equation (35) can be given the following interpretation; any segment of ‘life’ 


+ Moller’s statement is clearly wrong in the case of the ‘longitudinar light-pulse clock (cf, e. g., [20] . 
pp 105-9). Namely, a simple analysis reveals that the ‘downwards’ segment of life of the moving light 
clock (i. e., duration of the motion of light-pulse in the direction opposite to the direction of motion of 
the clock itself) lasts shorter than the corresponding segment of life of the same clock at rest, all with 
respect to the lab frame S, since 


^oV^l - ^ lo 

c + Vo c ’ 

where Iq is the rest length of the clock and wq is its velocity relative to S. 
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of a ‘transverse’ clock that is moving uniformly with the velocity Vq lasts longer by the 
factor 1 /a/1 — Uq/ c^ than the same segment of ‘life’ of the same clock at rest in S, all 
with respect to the lab frame S na. 

Finally, consider a ‘longitudinal’ relativistically valid clock, which involves 
oscillations of a material point with x' 7 ^ const, and y' and z' need not be constant. In 
this case, the hrst equation (34) implies 

^ dt' + {vq/c^)(1x' ^ dt' + {vo/c^)v'^dt' 


where v'^ is the x' component of the instantaneous velocity of the material point in 
S'. As can be seen, the hrst equation (36) is tantamount to equation (27), taking into 
account the universal boostability assumption. Obviously, equation (35) does not apply 
to this ‘longitudinal’ type of clock; the clock retardation now is non-uniform, contrary 
to a general consensus in the literature that equation (35) is universally valid. However, 
any clock involves by dehnition a periodic process; thus, integration of equation (36) 
over a period in S' yields 


y/1 - Vljc^ ’ 



where T and T' are the periods of the clock as observed in S and S', respectively, since 
x' takes its initial value after the period T'. As can be seen, equation (37) can be given 
the same meaning as equation ( 33)0 

On the other hand, in the case of an aperiodic process involving a point particle, 
no inference can be deduced from equation (36), except that it is not generally true 
that ‘every happening in a physical system slows down when the system is set into 
translational motion [in a rest properties-preserving way]’ |5]. This implies that 
particular instances of ‘time retardation’ must be carefully considered. 

Note that the universality and elegance of the above ‘kinematical’ deductions 
concerning clocks in motion may be deceptive. Namely, one should keep in mind that 
any clock retardation involves a complex dynamical process, which is completely masked 
in the conventional ‘kinematical’ derivation. 

One last point. Basic inferences concerning slowing down of moving clocks from 
the standpoint of a non-comoving observer are deduced from Einstein’s two principles 
of Special Relativity, aided with the universal boostability assumption. The present 
discussion reveals that for subtler insights, dynamical considerations are needed, as 
expected. Moreover, the dynamical approach indicates where to look within the 
principle approach. On the other hand, the principle approach anticipates simplicity 
and universality behind an intricate dynamical mechanism; for instance, one knows 


* But, we derived equation (33) for Jefimenko’s clock, which is strictly ’longitudinal’ [y' = z' = 
0), whereas the ‘kinematical’ approach yields equation (37) for more general ’longitudinal’ clocks. 
Incidentally, any real clock involves damping; thus, Jefimenko’s clock represents an ideal clock since 
the radiation reaction force was neglected in its clockwork. 
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in advance that Tm depends on dynamical parameters only through dependence of Tq 
on those parameters. Thus one can evade cumbersome dynamical calculation for a 
physical system in uniform motion with respect to the lab frame by combining much 
simpler dynamical calculation in the rest frame of the system and the transformation 
laws of relevant quantities known from the principle approach, as Einstein noted long 
ago for ‘all problems in the optics of moving bodies’ |3]. 

In his excellent book Special Relativity, French warned to beware of ‘glib statements 
involving relativity theory’ I2D1. This paper, hopefully, represents such a warning, 
illustrating ever present danger of unjustihed generalisations. 
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